6 :Dlﬁerewtia(:ion

6.1 Derivative

Definttion :

let TsR be an interval |, let f=I—>'lk and let ceT.

wema-ﬂmt LeR is the derivative offa&c f

ghen €30 there oists §>0 such tut For all xel with beel<s , we hoe [fadfo |
Cln cther vords .y Joofo )

ln Hhis cose . we say that f s d’ﬁ’w(:iable at ¢ and we dencte L bla $eo .

Fw’dnem\ore,lffls d‘rﬁa’aﬂhab(e at every, Po\w!: whenever Th'lsdef‘med,-f'ls sad o be
a ot iable ftmc'(':ion.

Theorem - ('Dﬁerenﬁabihﬁa = Cow('lw..«'rba)
ﬁ f=l—>k s dﬁa—zv\'biable at cel , then f s continuous at c.
precf
i ll_@c %x-C =0
Giy |, Se0-Fo . f@ eR
AT w-C
G, G > _ignc -feo-ji:) - b 0% . -0

ASC % -C

linn ﬁi&) . lim x-c
ASc

ASC x-C

ftc)-o

=0

.'.ii_»:‘\:-feo=f&) which means f s cortinuous at c.

Theorem : (Algebraic. Properties )

let TR be an inbenal . let ceI and let f,j:l—ﬂk be Functions that

are ffecentiable at c. Thea,

) Frgle = fozge

2 (f%)'&:) - f @ 3(c)+f<o g©

3) If gE #0 (Bxercise : show that g4 in Some open V\ejjlnloowkooel of c),

(i)’(C) = #2(‘.) 3@ - :’Rc) q’cc)
Eﬁcc)]‘ <




proof o -
g, Foog-Joqe

A-C

=l Feoge0-foqeo+fae0 -Fegw
A~C

- g, =50 g0 + $0> G002
=fcc)3_<c_1L ]2@3@ T Nete . g is Qbﬁereyvb‘able_ at ¢

= ﬂ it continuous at ¢

- ’(Liv_:\c 3@0:3@
Remark :
0 (f S(x)acle'ﬂi which 18 a constant jew\c:ﬁov\, show that ﬁ'(c)=o fm- all ceR .

2) Osiv\ﬂ ‘Fmrerbn @) and 'Fut&lrﬁ 360=o( . we  have (ekj)'(c)=olf'(c).

Theorem : (Chain Rule )

Let T.T7 be wtervals n R, let q IR and $:T =R be Fnctions such Hhat faez
and £ 1s dﬁex-ewﬁa]ple. at ceJ . 4 is d‘tﬁ?e'eyvhaue. at j?(cbe]'..

Then 3of=3’—>1R = cllﬁerew(:lable at ¢ and (3of)'(c)=3'cfc7)f’@ .

[dea cf the Pmcf ,

lim, gCFe) -a¢f©)
x>c © -

. | ) 4@ | $eo 'ﬁl
- |8 s
f(x) -3

-gFerfo P

Rut NST corvect. as :feo—fcc) ma e%ml +o O at Poiwts n_a neisl«\borkooql cf c.
Tlr\erefowa .we have +o veFlace %) 58 SOw\eﬂ«iv\j ‘\8ood"f

Leb h%)- { -3@3—:% 52 yeT with ytfe

g I
Check : g(feoi::ff@) - h(feﬂ).% for all xeTJcd .

(I ftx)#f(c) , tevial ?
P ﬁi&=f‘€) , LHS =RHS =




Fuacthermore , claim : h(ta) is_continuous  at f&)
lim ey = lim _3(2_’%) = a2 R = hfe)
g#(‘. 8 3#(‘. 3_ ) T 8 f f
g 1s &ﬁereyrtiab\e at |a=:fco
Also. f is dﬁerewﬁalole at ¢ = f is continuous at c

l’\(f(:O) s conbinuous at ¢ CComFosTtion of coritinuows fuw\c’tiovxs.)

ie. i@c hefeo = Inef@) = gfen

lim (e -qT @)

ASC gi 'x.-g 4

= fim hc—fw)-%
I, G- iy, Sflo
= S’(fcc)) : f@

6.2 The Mean Value Theorem
MVT (Mest Valuable Theovem '?)
Theorem :

[et I be an orev\ interval and f:I—ﬂR be a fnmc(:’aovx such -that 'f altains  maximum
or minimum at ceT . lf f&c) exists , then fécho.

proof

Suﬂ»se +that j attains  makimum at c .

For eI, with x<c . we have j@_ﬁiﬁzo
i—
fic):lim-j%ﬁzo
AS>C >~

Similar(a, 5!:\* eI, with x>c . we have j%ﬂs o
o Fofy FRfO <o

jaéc) =0

FRE.W\R\’k t

Solvlna j’c-:o-o is NST ewoush <o anhmz every. extremum unless  we know f is dfﬁzrewhalple. evexg.\kere




Theovem : (Rolle’s Theorem )
Suﬂ>ose jLEa,LiI-—*TR is_continuous on [a,bl and dﬁerewb’aue on (ab),

and f@=f¢»=o. &)

Then , there edsts cela.b) such that f’@=o.

procf-

Max - Min Theorem

= there exists %y ., % €la,bl such that fm;f&o;f&w fw all xelabl.

Cose. | : lj? etther %y or %, €lab) , ba “the previous ~theovem , done !

Cose 2: i both y and 2 lie on the boundary, ‘ff [a,bl, then fa)ﬂ) fm- all xelabl,
“then j?’cao=o fw all xet@b) .

Exercise
Rove tat the resuk still hokds +rue I\-f &) is r'erlacecl b% f(a) =fd=).
ta 'F 6’@ o) 5 'F 3’(@ =0
3<a)=3cb)_ I 3&)=3¢)_ N B N
o C b % o C b X

Theovem : (Mean Value Theorem )

Suﬂ»se j=En,la]—>R is continuous on [abl and dﬁerewﬂaue on (a,b),
then there exsts cela.b) such that f(b)-f@:f’(c)(lo-a)

Geometrical Hep.ninj= L

4 L f’(c) = M

N\!

a c b

. : I (S Tt 12
"onuf Lookm3 for ce(a,b) such that -f(c) —T-j\a_
le. look‘mﬁ for a_soltion in(a,b) of the ecluaﬁiow
f’@o(b—a) -[j’(b) —-f(a)]‘ =0 .
[dea : Realize ‘H:xs as ﬁ'oo and aFFILa Rolle’s  +theorem .




Let 3(‘;0 = -'f(z)(lo-a) - = [fd:)-f(a)] (then 3’(7.) = f'(-ao (b-a) - [‘f(‘o) —-f(a)] ))
Check : D 9 s contivuous on [a.bl

'2-)3 is &ﬁevewﬁalcle on @.b)

) S(o.) . jd:) = lo-fm) -afd:)

AFF"Q Rolle’s Theorem -to 3 , the resutt —fcl\o‘.ss.

l L\QO\’EW\ :

Suﬂ»se jiab]—ﬂk is continuous on [abl and dﬁermh’aue. on (@ab) and that
ftx):o -“for' all xetab) .

Then ji is constart on [a,b].

‘Fvouf : For aexsb , note f is dﬁowrhable e/evg..»\«e.ve_ on (a.x)

= ja s contvuous eyevau\«exe on [ax]
Pyﬂ;l.a MVT, 3 cela.x) Such that

fm-f@ = £y (x-a) = 0
g asswnrtion
i.e. -fwrfta) -fur al xela,bl .

CO\"D' , ara i

SWHBose “hat f 3 : [a.b]1>R are cortinuous on [kl and d’ﬁerew(:ialole on (a.b) ,
ard that ff-xs =3’('x.) jzor al xelab) .

Then f=6+C —fov- Some constant C on [a.b].

prof

Consider kc—:o.-=j?m-jm.

’D%ivﬁ'b'lon:

Let ‘f:I—ﬂR be a fw\cbion dﬁmed on an interval I.

. f is said +o be imasiva (clecreasivj)

j? fcmsfem (jcxaaj?ex.)) fw— all 4 ,%el with %<« .
. f is said +o be sbﬁcﬂta, increasivj (clecreasivj)

\f j@m<f&) (jub>f(x.)) fbr all % ,%xel with <.




Theovem :

Suﬁ»se “rat f=I—>TR be dl:ﬁexevrealale_ on _an interal T.

prof

R

& let %, 2eT with %x<x, .

HFFla.vﬂ MVT +o f on [, %] . there exsts ceGt, ) such that

Fe - feo =fé_c>cn-x.> 20
vV
(o] (o]

"=" Assume the cm(:mr%.
there. exist x,,% eI with x,<xy but fb..)>fu.‘).

HFFlawj MVT +o f on [, %] . thee exdsts cett,x) such that

Lexd - Fexd = f('cs o =%
A

v
o o

fb<o which conbradicts 4o that f&oao fw all xel.

Theorem : Clst devivative check )

et f'-l:a,la]—ﬂk be a continusus fmc(:lon and let ce@.b
f there edsts S>o such thak (c-§.ce$)eT and

. f’eoao fur all xec-S.)

- feo <o for all xete,c+8)

then f hes a velative maximum at c.

Swilar vresutt for- relative. winimum .
el

HFFla ‘he MVT -tuwice :

case | . |f xele-S.e)

case 2 - :f xele,e+8)

'Ba as«.mFblon,f is continuous on Gt,z.] and dﬁe«eﬁ(’jable on Gt ).

C'Remavk—. We do NST assume the dﬁaewtiabil'r% at e , but omla the cortinui

Then f is incre.asirﬂ (decreaslvﬁ) on T -f and onla -f féoao (féOso) -for-all eI .

at c )



